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Duality and Supersymmetric Monopoles
Jerome P. Gauntlett a∗
aPhysics Department, Queen Mary and Westfield College,
Mile End Rd, London E1 4NS, U.K.
Exact duality in supersymmetric gauge theories leads to highly non-trivial predictions about the moduli spaces
of BPS monopole solutions. These notes attempt to be a pedagogical review of the current status of these
investigations and are based on lectures given at the 33rd Karpacz Winter School: Duality - Strings and Fields,
February 1997.
1. INTRODUCTION
Electromagnetic duality has emerged as a pow-
erful tool to study strongly coupled quantum
fields. In N=4 super-Yang-Mills theory and some
special theories with N=2 supersymmetry, the
duality is conjectured to be exact in the sense that
it is valid at all energy scales. These theories pro-
vide the most natural setting for Montonen and
Olive’s original idea [1] since they have vanishing
β-functions and hence the quantum corrections
are under precise control. In many theories with
N=2 and N=1 supersymmetry duality plays an
important role in elucidating the infrared dynam-
ics. In these models one can study strong cou-
pling phenomenon such as confinement and chiral
symmetry breaking in an exact context2.
The purpose of these lectures is to review some
aspects of exact duality focusing on theories with
N=4 supersymmetry. In these theories the dual-
ity group is SL(2,Z) which includes a Z2 corre-
sponding to the interchange of electric and mag-
netic charges along with the interchange of strong
and weak coupling. Sen was the first to realise
[2] that SL(2,Z) or “S-duality” leads to highly
non-trivial predictions about the BPS spectrum
of magnetic monopoles and dyons in the theory.
BPS states are important for testing duality be-
cause they form short representations of the su-
persymmetry algebra and hence we have good
control over their behaviour as we vary the cou-
∗Current Address: Isaac Newton Institute, 20 Clarkson
Rd, Cambridge, CB3 0EH.
2See the contributions of other speakers at the school.
pling. At weak coupling the predicted BPS spec-
trum can be translated into statements about cer-
tain geometric structures on the moduli space of
BPS monopole solutions.
We begin with bosonic SU(2) BPS monopoles,
reviewing some aspects of the moduli space ap-
proximation and discussing how quantised dyons
appear in the semiclassical spectrum. Next we
describe some features of N=4 super-Yang-Mills
theory before studying the S-duality predictions.
We analyse the SU(2) case followed by the higher
rank gauge groups. We conclude by outlining
some open problems in the study of exact duality.
2. SU(2) BPS MONOPOLES AND THE
MODULI SPACE APPROXIMATION
Consider the Yang-Mills-Higgs Lagrangian
L = −
1
4
F aµνF
aµν −
1
2
DµΦ
aDµΦa , (1)
where Aµ = A
a
µT
a is an SU(2) connection with
field strength Fµν = ∂µAν − ∂νAµ + e[Aµ, Aν ],
and Φ = ΦaT a transforms in the adjoint repre-
sentation with the covariant derivative given by
DµΦ = ∂µΦ + e[Aµ,Φ]. We choose the Lie alge-
bra generators T a to be anti-hermitian. There is
no potential term for the Higgs field and we are
thus considering the “BPS limit” [3,4] which is
relevant for the supersymmetric extension. The
moduli space of Higgs vacuua is obtained by im-
posing 〈ΦaΦa〉 = v2 and is thus a two-sphere. If
v2 6= 0 then SU(2) is spontaneously broken to
U(1). The electric and magnetic charge with re-
spect to the U(1) specified by the Higgs field are
2given by
Qe =
1
v
∫
dSi(Eai Φ
a) ,
Qm =
1
v
∫
dSi(Bai Φ
a) , (2)
where Eai = F0i and B
a
i =
1
2ǫijkF
a
jk are the non-
abelian electric and magnetic field strengths, re-
spectively, and the integration is over a surface at
spatial infinity.
The perturbative states consist of a massless
photon, a massless neutral scalar andW± bosons
with electric charge Qe = ±e and mass ev. To
analyse the monopole and dyon spectrum we need
to construct classical static monopole solutions
and then perform a semi-classical analysis. Let
us begin by noting that for all finite energy con-
figurations the Higgs field must lie in the vacuum
at spatial infinity. The Higgs field of these config-
urations thus provides a map from the two sphere
at spatial infinity to the two sphere of Higgs vac-
uua. These maps are characterised by a topologi-
cal winding number k and one can show that this
implies that the magnetic charge is quantised
Qm =
4π
e
k . (3)
The minimal magnetic monopole charge is twice
the Dirac unit because we could add electrically
charged fields in the fundamental representation
of SU(2) that would carry 1/2 integer electric
charges in contrast to the integer charged W -
bosons.
To proceed with the construction of static
monopole solutions it will be convenient to work
in the A0 = 0 gauge. We must then impose
Gauss’ Law, the A0 equation of motion, as a con-
straint on the physical fields:
DiA˙i + e[Φ, Φ˙] = 0. (4)
In this gauge the Hamiltonian isH = T+V where
the kinetic and potential energies are given by
T =
1
2
∫
d3x(A˙ai A˙
a
i + Φ˙
aΦ˙a) , (5)
V =
1
2
∫
d3x(Bai B
a
i +DiΦ
aDiΦ
a), (6)
respectively. Noting that V can be rewritten [4]
as
V =
1
2
∫
d3x[(Bai ∓DiΦ
a)(Bai ∓DiΦ
a)]±vQm,(7)
we deduce that in each topological class k corre-
sponding to magnetic charge given by (3) there
is a Bogomol’nyi bound on the mass of any static
classical monopole solution:
M ≥ v|Qm| =
4πv
e
|k|. (8)
The static energy is minimised when the bound is
saturated which is equivalent to the Bogomol’nyi
(or BPS) equations
Bi = ±DiΦ. (9)
The upper sign corresponds to positive k or “
monopoles” and the lower sign corresponds to
negative k or “anti-monopoles”. From now on we
will restrict our considerations to monopoles, the
extension to anti-monopoles being trivial. In the
A0 = 0 gauge there are no static dyon solutions;
the dyons emerge as time dependent solutions as
we will see.
The moduli space of gauge inequivalent solu-
tions to the Bogomol’nyi equations will be de-
noted Mk. Let us discuss some of the geometry
of this manifold. We begin by recalling that in the
A0 = 0 gauge the configuration space of fields is
given by C = A/G where A = {Ai(x),Φ(x)} is
the space of finite energy field configurations and
we have divided out by G, the group of gauge
transformations that go to the identity at spatial
infinity. Tangent vectors {A˙, Φ˙} to C must satisfy
Gauss Law (4). From this point of view, the ki-
netic energy in (5) is simply the metric on C. The
moduli Zα that appear in the general solution
to the Bogomol’nyi equations {A(x, Z),Φ(x, Z)},
are natural coordinates onMk ⊂ C. Tangent vec-
tors toMk must also satisfy the linearised Bogo-
mol’nyi equations
ǫijkDjA˙k = DiΦ˙ + e[A˙i,Φ] . (10)
Using the coordinates Zα we have
{A˙, Φ˙} = Z˙α{δαAi, δαΦ} , (11)
3where {δαAi, δαΦ} satisfy
DiδαAi + e[Φ, δαΦ] = 0 , (12)
ǫijkDjδαAk = DiδαΦ+ e[δαAi,Φ] , (13)
which are simply the equations for a physical zero
mode. The zero modes can be obtained by differ-
entiating the general solution with respect to the
moduli but in general one has to include a gauge
transformation to ensure that it satisfies (13) i.e.,
δαAi = ∂αAi −Diǫα ,
δαΦ = ∂αΦ− e[Φ, ǫα] . (14)
The metric on C gives rise to a metric on Mk
which can be written in terms of the zero modes:
Gαβ(Z) =
∫
d3x[δαA
a
i δβA
a
i + δαΦ
aδβΦ
a] . (15)
Mk is 4k-dimensional which can be established,
for example, by counting zero modes using an in-
dex theorem. The space of field configurations
A inherits three almost complex structures, from
those on R4 and they descend to give a hyper-
Ka¨hler structure on Mk. Explicit formulae for
the complex structures on Mk in terms of the
zero modes can be found in [5]. More details on
the geometry of Mk can be found in [6].
The moduli space for a single BPS monopole
can be determined by explicitly constructing the
most general solution and we findM1 = R
3×S1.
The R3 piece simply corresponds to the position
of the monopole in space. The S1 arises from the
gauge transformation g = eχΦ/v on any solution.
Since this does not go to the identity at infinity, it
is a “large” gauge transformation, it corresponds
to a physical motion. Since all fields are in the
adjoint a 2π rotation in SU(2) is the identity and
we conclude that 0 ≤ χ < 2π. We will see that
this coordinate is a dyon degree of freedom.
We have noted that the dimension of Mk is
4k. The physical reason for the existence of these
multimonopole configurations is that in the BPS
limit there is a cancellation between the vec-
tor repulsion and scalar attraction between two
monopoles. Heuristically one can think of the 4k
dimensions as corresponding to a position in R3
and a phase for each monopole but the structure
of Mk turns out to be much more subtle and in-
teresting. For general k we can separate out a
piece corresponding to the motion of the centre
of mass of the multi-monopole configuration and
we haveMk = R
3× (S1×M˜0k)/Zk. The S
1 fac-
tor is related to the total electric charge. M˜0k is
4(k−1) dimensional and hyper-Ka¨hler. It admits
an SO(3) group of isometries which corresponds
to a rotation of the multi monopole configuration
in space. Although the topology of these spaces
is well understood, the metric is explicitly known
only for k = 2 [6].
To determine the semi-classical spectrum of
states with magnetic charge k we start with a
classical solution (Acl(x, Z),Φcl(x, Z)). To have
a well defined perturbation scheme with e ≪ 1,
we need to introduce a collective co-ordinate for
each zero mode; these are the moduli Zα. We
then expand an arbitrary time dependent field as
a sum of the massive modes with time dependent
coefficients and allow the collective coordinates
to become time-dependent (see, e.g., [7]). A low-
energy ansatz for the fields is obtained by ignoring
the massive modes and demanding that the only
time dependence is via the collective co-ordinates.
Thus we are led to the ansatz 3
Ai(x, t) = A
cl
i (x, Z(t)) ,
Φ(x, t) = Φcl(x, Z(t)),
A0 = Z˙
αǫα . (16)
After substituting this into the action (1) we ob-
tain an effective action
S =
1
2
∫
dtGαβZ˙
αZ˙β −
4πv
e
k , (17)
which is precisely that of a free particle prop-
agating on the moduli space Mk with metric
(15). This is the moduli space approximation [9].
The classical equations of motion are simply the
geodesics on Mk.
To proceed with the semiclassical analysis we
need to study the quantum mechanics of (17).
Let us show how a quantised spectrum of dyons
emerges in the quantum theory. For k = 1 we
3Note that the A0 term is included to ensure that the
motion is orthogonal to gauge transformations. One could
do a gauge transformation if one wants to remain in the
A0 = 0 gauge (see also the discussion in [8]).
4have M1 = R
3 × S1 and including various con-
stants we have:
S =
1
2
∫
dt
[
(
4πv
e
)Z˙2 +
4π
ve3
χ˙2
]
−
4πv
e
. (18)
The wavefunctions are plane waves of the form
eiP·Zeineχ where ne is an integer. In the moduli
space approximation Qe = −ie∂χ and we see that
we have a tower of dyons with Qe = nee. The
mass of these states can be calculated and we get
M = n2eve
3/8π + 4πv/e
≈ v[Q2e +Q
2
m]
1/2 , (19)
where we have used the fact that we are assuming
e≪ 1 in our approximations. By generalising the
argument that led to (8) it can be shown [10] that
M ≥ v[Q2e + Q
2
m]
1/2 for all classical solutions to
the equations of motion (static dyons can be ob-
tained if we do not work in the A0 = 0 gauge). We
thus see that in the moduli space approximation
the bound is saturated. Of course in the purely
bosonic theory we are considering here this could
get higher order quantum corrections.
For k > 1 we can perform a similar analysis
on Mk, looking for scattering states and bound
states of the Hamiltonian in the usual fashion.
This has been pursued in the bosonic theory in
[11,12]. The momentum conjugate to the coordi-
nate on the S1 gives the total electric charge Qe
of the configuration4 and the bound states have
masses M = v[Q2e + Q
2
m]
1/2 + ∆E where ∆E is
the relative kinetic energy.
We conclude this section by considering a
renormalisable term that we can add to the La-
grangian (1) that plays an important role in du-
ality:
δL = −
θe2
32π2
F aµν ∗ F
aµν . (20)
As it is a total derivative it doesn’t affect the
equations of motion. It is related to instanton
effects and it also affects the electric charge of
dyons. Recall that the dyon collective coordi-
nate arose from doing a gauge transformation
4The individual electric charge of each monopole is not
a good quantum number due to the possibility of W -
boson exchange which the moduli space approximation
incorporates.
about the Φ axis. The Noether charge picks
up a θ dependent contribution and one finds
that Qe = nee + eθ/2πnm [13]. In the mod-
uli space approximation this manifests itself via
Qe = −ie∂χ + eθ/2πnm. At this point it is con-
venient to rescale the fields {A,Φ} → {A,Φ}/e.
Our combined Lagrangian then takes the simple
form
L = −
1
16π
Imτ [F 2 + iF ∗ F ]−
1
2e2
DΦ2 , (21)
where we have introduced the complex parameter
τ =
θ
2π
+
4πi
e2
. (22)
The BPS mass formula for dyons (19) is then
given by
M = v|ne + nmτ | . (23)
Due to the rescaling, here and in the following v
contains a hidden factor of the coupling constant
e.
3. N=4 SUPER-YANG-MILLS
N=4 super-Yang-Mills theory has the maximal
amount of supersymmetry with spins less than
or equal to one. It has vanishing beta-function
and is thought to describe a conformally invari-
ant theory. In addition it is supposed to exhibit
S-duality, which we shall define below. We con-
sider N=4 super-Yang-Mills with arbitrary sim-
ple gauge group G. It can be obtained as the di-
mensional reduction on a six-torus of N=1 super-
Yang-Mills theory in ten dimensions (see, e.g.,
[14]). The ten-dimensional Lorentz group reduces
to SO(3, 1)×SO(6) and SO(6) becomes a global
symmetry of the theory. The bosonic fields in
the supermultiplet come from the ten dimensional
gauge field and consist of a gauge field and 6 Higgs
fields φI , transforming as a 6 of SO(6), all taking
values in the adjoint representation of G. There
are four Weyl fermions in the adjoint transform-
ing as a 4 of Spin(6) that come from the reduction
of the Majorana-Weyl spinor in ten dimensions.
Including a θ parameter, the bosonic part of the
action is
S = −
1
16π
Im
∫
τTr(F ∧ F + i ∗ F ∧ F )
5−
1
2e2
∫ [
TrDµφ
IDµφI + V (φI)
]
, (24)
where the potential is given by
V (φI) =
∑
1≤I<J≤6
Tr[φI , φJ ]2 , (25)
and here we have taken TrT aT b = δab.
The classical vacua of the theory are given by
V (φI) = 0 or equivalently [φI , φJ ] = 0 for all
I, J . In this theory, there are no quantum correc-
tions to the moduli space of vacuua. For generic
vacuua, i.e., generic expectation values 〈φI〉, the
gauge symmetry is broken down to U(1)r where
r is the rank of the gauge group. A given N=4
theory is specified by G, 〈φI〉 and τ .
The six Higgs fields define a set of conserved
electric and magnetic charges which appear as
central charges in the N=4 supersymmetry al-
gebra:
QIe =
1
ev
∫
dS · Tr(EφI) ,
QIm =
1
ev
∫
dS · Tr(BφI) , (26)
For BPS saturated states, i.e., states in the short
16 dimensional representation of the supersym-
metry algebra, the mass is exactly given by the
formula
M2 =
v2
e2
(
(QIe)
2 + (QIm)
2
)
. (27)
The spin content of the short BPS multiplet is
the same as the massless multiplet and has spins
≤ 1. There are also medium sized representa-
tions consisting of 64 states with spins ≤ 3/2,
but these only arise when QIe is not proportional
to QIm. These can only appear when the rank of
the gauge group is greater than one and we will
see that S-duality makes no predictions about the
existence of these states as they don’t appear in
the perturbative spectrum. The generic repre-
sentation of the N=4 algebra has 256 states with
spins ≤ 2 and the masses can be renormalised.
It is important to emphasise that the mass for-
mula for BPS states (27) is derived from the su-
persymmetry algebra and hence it is valid in the
quantum theory [15,14] in contrast to the bosonic
case. Thus the mass of BPS states is exactly
given by their electric and magnetic quantum
numbers. This is an important property of BPS
states which enables us to use them to test S-
duality. It will also be useful to note that half of
the supersymmetry generators are realised as zero
on a BPS multiplet. This is sometimes rephrased
as saying that BPS states preserve (or break) half
of the supersymmetry.
In a generic vacuum 〈φI〉 at weak coupling we
deduce that there are massiveW -boson BPS mul-
tiplets. To determine the dyon spectrum we need
to quantise the BPS monopole solutions in a semi-
classical context. For simplicity we will restrict
our attention in the following to a single direc-
tion in the moduli space of vacuua:
〈φ2〉 = . . . = 〈φ6〉 = 0 ,
φ1 ≡ Φ , 〈TrΦ2〉 = v2, (28)
which clearly satisfies V (φI) = 0. Classical BPS
monopole solutions with zero electric charge are
then obtained by solving the Bogomol’nyi equa-
tions we considered before
Bi = DiΦ . (29)
Note that for the vacuua (28) only the first com-
ponent of the electric and magnetic charges are
non-zero and we will write Q1e = Qe, Q
1
m = Qm.
More general vacuua have been considered in [16]
but the region we will analyse seems to lead to
the richest monopole physics.
4. N=4 G=SU(2) AND S-DUALITY
We now restrict our attention to gauge group
G = SU(2). Since we are focusing on a single
Higgs field (28) we will be able to directly use
many of the results in section two. We will as-
sume v2 6= 0 so that SU(2) → U(1). BPS states
with charges (nm, ne) satisfy the mass formula
(23). It is an important fact that BPS states
with (nm, ne) relatively prime integers are abso-
lutely stable for all values of τ . This is deduced by
charge conservation and the triangle inequality.
We now state the S-duality conjecture: the
SL(2,Z) transformations
τ →
aτ + b
cτ + d
,
6(nm, ne) → (nm, ne)
(
a b
c d
)−1
, (30)
where a, b, c, d ∈ Z, ad − bc = 1, give the same
theory [2]. The SL(2,Z) group is generated by
T : τ → τ +1 which is equivalent to the transfor-
mation θ → θ + 2π that can be deduced in per-
turbation theory (after a relabeling of states) and
S : τ → −1/τ , which for θ = 0, is equivalent to
strong-weak coupling and electric-magnetic dual-
ity originally considered in [1,14].
A simple check of S-duality is that the BPS
mass formula (23) is invariant. This is a nec-
essary condition because the BPS mass formula
can be derived from the supersymmetry algebra
and hence it holds in the quantum theory. To
see the invariance one should note that v → v′ =
v|cτ+d| under a SL(2,Z) transformation because
we rescaled the higgs field by a factor of the cou-
pling constant e.
We now argue that there are more sophisticated
tests of S-duality. We begin by noting that the
perturbative spectrum can be determined at weak
coupling and consists of a neutral massless photon
multiplet (0, 0) and massiveW±-boson BPS mul-
tiplets with charge (0,±1). S-duality maps the
W -boson multiplets to BPS states (k, l), with k
and l relatively prime integers, typically at strong
coupling. But since these are precisely the abso-
lutely stable BPS states they cannot decay as we
vary τ and we deduce that they must also exist at
weak coupling where we can search for them using
semi-classical techniques. We will argue that they
can be translated into the existence of certain ge-
ometric structures on the moduli space Mk.
If we assume that the entire spectrum of BPS
states does not vary as we change the coupling
then we can deduce that the above BPS states
are the only BPS states in the theory. Any extra
states would necessarily be BPS states at thresh-
old, i.e., at threshold to decay into other BPS
states. For example the mass of a potential BPS
state (2, 2) is only marginally stable into the de-
cay of two (1, 1) states. If there were such states
at threshold then we could use S-duality to map
them to purely electrically charged states (0, n)
with n 6= ±1. Using our assumption that the
spectrum of BPS states doesn’t change as we
vary the coupling we conclude that these states
should exist at weak coupling but this contradicts
what we see in perturbation theory. We believe
that the additional assumption is weak due to
the very strong constraints that N=4 supersym-
metry imposes on the quantum theory. What is
now known about the BPS spectrum, and will be
reviewed below, supports this assumption5.
Let us translate the prediction of the spec-
trum of BPS states with relatively prime charges
(k, l) into statements about the moduli space
of monopoles. The semiclassical analysis begins
with the moduli space Mk of BPS monopole so-
lutions. We have noted that the 4k coordinates
on Mk can be interpreted as collective coordi-
nates that must be introduced for 4k bosonic
zero modes. In the N=4 context we also have
fermionic zero modes. These arise from solving
the Dirac equation for the fermion fields in the
presence of a given monopole solution. There
are four Weyl or two Dirac spinors in the ad-
joint of SU(2) and an index theorem [18] tells
us that there are 4k fermionic c-number zero
modes that require the introduction of 4k com-
plex Grassmann odd fermionic “collective coordi-
nates” ψα. This means the low-energy ansatz for
the fermions will include terms of the schematic
form
λ(x, t) ∼ ψ(t)λcl(x, Z(t)) (31)
where λcl(x, Z) is a c-number fermion zero mode
for the monopole solution specified by the mod-
uli Z. We noted above that BPS states preserve
half of the supersymmetry. This manifests itself
in the fact that half of the supersymmetry gen-
erators leave the classical BPS monopole solution
invariant. It can be shown that the bosonic and
fermionic zero modes form a multiplet of the un-
broken supersymmetries. This is essential in ob-
taining a supersymmetric low-energy ansatz for
the fields. The ansatz for the low-energy fields
is technically quite involved and has been car-
ried out in [5,19]. The result of substituting the
ansatz into the spacetime Lagrangian leads to the
5See [17] for an alternative way of determining the BPS
spectrum that also bears on this issue.
7following supersymmetric quantum mechanics
S =
1
2
∫
dt
(
Gαβ [Z˙
αZ˙β + iψ¯αγ0Dtψ
β ]
+
1
6
Rαβγδψ¯
αψγψ¯βψδ
)
−
4πv
e2
k , (32)
where we have traded the complex ψα for a real
two component Majorana spinor ψαi and the co-
variant derivative of these fermions is obtained
using the pullback of the Christoffel connection:
Dtψ
α = ψ˙α + ΓαβγZ˙
βψγ . For a general met-
ric the supersymmetric quantum mechanics has
N=1 supersymmetry specified by a real two com-
ponent spinor ǫ. In the case that the target is
hyper-Ka¨hler there are an additional three super-
symmetries with parameters ǫ(m) [20]. Since the
monopole moduli spaces are hyper-Ka¨hler there
are eight real supersymmetry parameters which
precisely correspond to the half of the spacetime
supersymmetry that is preserved by BPS states.
The quantisation of this model is discussed in
[21]. The states are in one to one correspon-
dence with differential forms on Mk. There
are four real two component supercharges. Re-
placing one of these with a complex one com-
ponent charge Q we can write the Hamiltonian
as H = {Q,Q†} + 4πnmv/e
2 where we have in-
cluded the topological term. The supersymme-
try charge Q is realised as the exterior derivative
acting on forms, Q = d, and Q† as its adjoint
Q† = d† = ∗d∗ with ∗ being the Hodge star act-
ing on forms. As a consequence, the Hamiltonian
is the Laplacian acting on differential forms
H = dd† + d†d+
4πv
e2
nm. (33)
For nm = 1 we have M1 = R
3 × S1. A ba-
sis of forms is given by {1, dZα, . . . , dZ1 ∧ dZ2 ∧
dZ3∧dZ4} which gives 16 states corresponding to
a BPS multiplet. To be more precise we need to
check that the spins of these states are the same as
those of the BPS multiplet. For nm = 1 all of the
fermionic zero modes can be constructed explic-
itly as Goldstinos by acting with the broken su-
persymmetry generators. One can check the an-
gular momentum content and one finds that the
spin content is that of a BPS multiplet [14]. The
wave functions multiplying these forms are just
as in the bosonic case, eiP·Zeineχ, corresponding
to dyons with Qe = nee + eθ/2π. The Laplacian
on R3 × S1 is trivial and by following the same
arguments as in the bosonic case, we deduce that
the mass of these states is given by (23). Putting
this together we deduce that for nm = 1 there
is a tower of BPS dyon states (nm, ne) = (1, ne)
exactly as predicted by duality.
Now we turn to nm = k > 1. In this case
Mk = R
3 × (S1 × M˜0k)/Zk. If we first ignore
the Zk identification then the states are tensor
products of forms on R3×S1 with forms on M˜0k,
respectively, |s〉 = |ω〉ne ⊗ |α〉. The analysis for
the states |ω〉ne is similar to the nm = 1 case:
there are 16 differential forms that are again as-
sociated with Goldstinos and these make up the
spin content of a BPS multiplet. The wave func-
tions give rise to quantised electric charge with
Qe = nee + eθnm/2π. The energy of the states
|s〉 can be determined and we find
H |s〉 = (
P 2
2M
+M)|ωne〉 ⊗ |α〉+ |ω〉ne ⊗ |∆α〉(34)
with M given by the BPS mass formula (23).
Thus to get a BPS state with charges (nm, ne) we
need a normalisable (i.e., L2) harmonic6 form α
on M˜0k. The action of Zk on the S
1 is a cylic shift
which leads to the action |ω〉ne → e
2piine/k|ω〉ne .
Hence for the state |s〉 to be well defined on Mk
we need the form |α〉 to transform as |α〉 →
e−2piine/k|α〉.
Recalling that duality predicts that for each
relatively prime integers (k, l) there is a unique
BPS state, we conclude that M˜0k must have a
unique normalisable harmonic form which picks
up a phase e−2piil/k under the Zk action, for ev-
ery relatively prime pair of integers (k, l). The
uniqueness implies that the form must either be
self-dual or anti-self dual, since otherwise acting
with the Hodge star ∗ would generate another
harmonic form with the above properties. This
conjecture was formulated by Sen who also found
6Note that if ∆α = ǫα with ǫ 6= 0 then by acting with the
supersymmetry charges one can show that it always comes
in multiplets of 16. Combining this with the 16 states
|ω〉 gives rise to a 256 multiplet of N=4 supersymmetry.
These states are relevant for studying the scattering of
BPS states.
8the harmonic form for k = 2. [2]. For k > 2 sub-
stantial evidence was provided in [22] (see also
[23]).
5. HIGHER RANK GAUGE GROUPS
We now turn to N=4 theories with simple
gauge groups G with rank r > 1 with maxi-
mal symmetry breaking to U(1)r. For simplic-
ity of notation we will often discuss the case
G = SU(3)→ U(1)2. The Lie algebra of G has a
maximal abelian subalgebra H with r generators
Hi. We can define raising and lowering operators
E±α that satisfy
[Hi, Eα] = αiEα,
[Eα, E−α] =
r∑
i=1
αiHi . (35)
(a linear combination of these generators give the
T a satisfying TrT aT b = δab that we used before).
α is an r-component root vector. A basis of sim-
ple roots, β(a) (a = 1, · · · , r), may be chosen such
that any root is a linear combination of β(a) with
integral coefficients all of the same sign. Positive
roots are those with positive coefficients.
We continue to work with a single Higgs field
Φ by restricting our attention to the special part
of moduli space (28). We may choose the Car-
tan subalgebra such that our vacuum is speci-
fied by 〈Φ〉 = vh · H with v2 = 〈TrΦ2〉. If
α · h = 0 for some root α then the unbroken
gauge group is nonabelian. Otherwise, maximal
symmetry breaking occurs, and 〈Φ〉 picks out a
unique set of simple roots which satisfy the con-
dition h · β(a) > 0 [24].
Since the fields are in the adjoint representa-
tion, the electric quantum numbers of states live
on the r-dimensional root lattice spanned by the
simple roots β(a),
q =
∑
neaβ
(a) , (36)
where the nea are integer. The electric charge (for
θ = 0) is then given by
Qe = eh · q . (37)
At weak coupling we deduce that for each root α
there is a BPS W -boson with q = α. For SU(3)
we haveW -bosons with ne = ±(1, 0),±(0, 1) and
±(1, 1) corresponding to the two simple roots
β(1),β(2) and the non-simple positive root γ =
β(1) + β(2), respectively. From (27) we deduce
that the W -bosons corresponding to simple roots
are stable, while those corresponding to the non-
simple roots are only neutrally stable. In SU(3)
we have that Mγ =Mβ(1) +Mβ(2) .
Magnetic quantum numbers arise from topo-
logically nontrivial field configurations. For any
finite energy solution the Higgs field must ap-
proach the vacuum: let the asymptotic value
along the positive z-axis be Φ0 = vh · H (the
value in any other direction can only differ from
this by a gauge transformation). Asymptotically
we also have
Bi =
ri
4πr3
G(Ω) , (38)
where G is covariantly constant, and takes the
value G0 along the positive z-axis. The Cartan
subalgebra may be chosen so that G0 = g · H.
For a smooth solution this quantity must satisfy
a topological quantization condition [25,26]
eiG0 = I . (39)
The solution to this equation is
g = 4π
∑
nma β
(a)∗ , (40)
where the nma are integers and the β
(a)∗ are the
the simple coroots, defined as
β(a)∗ =
β(a)
β(a)2
. (41)
The magnetic quantum numbers thus live on the
coroot lattice spanned by the β(a)∗. For maximal
symmetry breaking, all of the nma are conserved
topological charges, labeling the homotopy class
of the Higgs field configuration. For solutions of
the Bogomol’nyi equations (29) all of the integers
in nma have the same sign. The topological charge
g determines the magnetic charge by the formula
Qm =
1
e
g · h . (42)
A general dyon state may be labeled either by
the electric and magnetic charge r-vectors q, g or
9by the integer valued r-vectors ne and nm. For
a BPS state the mass is given by the BPS mass
formula (27) which, using (37) and (42), can be
recast in the form
M = v|(h · β(a))nea + τ(h · β
(a)∗)nma | , (43)
where we have reinstated θ.
We now have enough definitions to define the
action of S-duality. It is the natural generalisa-
tion of the SU(2) case (30): the SL(2,Z) duality
on a general dyon state is given by
τ →
aτ + b
cτ + d
,
(nm,ne) → (nm,ne)
(
a b
c d
)−1
, (44)
and when we act with the S-generator S : τ →
−1/τ we must replace the group G with its dual
groupG∗ [25]. For simply laced groups i.e., all the
roots have the same length (the ADE groups),
the N=4 supersymmetric Lagrangian with gauge
group G is the same as that of G∗ since all fields
are in the adjoint representation. For non-simply-
laced groups this is not true since for example
SO(2N + 1)∗ = Sp(N). In this case one does
not expect the theory to be invariant under the
full SL(2,Z) duality group, but rather a Γ0(2)
subgroup [27] (see also [28]). We restrict our con-
siderations to simply-laced gauge groups in the
following.
Just as in the SU(2) case S-duality maps the
perturbativeW -boson states into an infinite num-
ber of dyon BPS states. For the SU(3) case we
generate the following SL(2,Z) orbits:
(
nm,ne
)
=
(
k(1, 0), l(1, 0)
)
,(
k(0, 1), l(0, 1)
)
,(
k(1, 1), l(1, 1)
)
, (45)
for relatively prime integers k and l. Like the
SU(2) case we have again typically been mapped
to strong coupling. For the first two classes of
states we note from the BPS mass formula (43)
that they are absolutely stable and hence we con-
clude that they also exist at weak coupling. The
whole orbit of states coming from the (1, 1) W -
boson are only marginally stable. Consequently
we have to again employ the additional assump-
tion that in the N=4 theory the spectrum of
marginal states does not change as we vary the
coupling. In this case we should see these states
at weak coupling also.
It is perhaps worth noting here that by start-
ing with the perturbative spectrum of W -bosons
S-duality only makes predictions about the short
BPS representations of the N=4 supersymmetry
algebra. This is because the purely electrically
chargedW -bosons have parallel electric and mag-
netic charge vectors QIe and Q
I
m. If any medium
sized representations of the N=4 algebra existed
they would necessarily have non-parallel charge
vectors and lie on separate SL(2,Z) orbits. It
would be interesting to know if they existed.
To test the S-duality predictions (45) we begin
by reviewing some aspect of BPS monopole so-
lutions. Using an index theorem Weinberg has
argued that the moduli space of monopoles of
charge nm has dimension
d = 4
∑
a
nma . (46)
A number of explicit monopole solutions can be
constructed by embedding SU(2) monopoles as
follows [29]. Let φs, Asi be an SU(2) monopole so-
lution with charge k and Higgs expectation value
λ. If we let α be any root satisfying α·h > 0 then
we can define an SU(2) subgroup with generators
t1 = (2α2)−1/2(Eα + E−α)
t2 = −i(2α2)−1/2(Eα − E−α)
t3 = (α2)−1α ·H . (47)
A monopole with magnetic charge
g = 4πkα∗ (48)
is then given by
Φ =
∑
s
φsts + v(h−
h · α
α2
α) ·H
Ai =
∑
s
Asi t
s
λ = vh ·α . (49)
Since the moduli space of SU(2) monopoles with
charge k has dimension 4k these solutions provide
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a 4k dimensional submanifold of monopole solu-
tions with charge (48). Note that by embedding
an SU(2) monopole with charge one we obtain
spherically symmetric monopole solutions.
Weinberg has shown that there is a distin-
guished set of r “fundamental monopoles” with
g = 4πβ(a)∗ i.e., they have magnetic charge vec-
tors nm consisting of a one in the ath position and
zeroes elsewhere. The reason for calling them fun-
damental is twofold. First, they have no “inter-
nal” degrees of freedom: all of these solutions can
be constructed by embedding an SU(2) monopole
of unit charge using the corresponding simple root
and consequently they have only four zero modes:
three translation zero modes and a U(1) phase
zero mode corresponding to dyonic excitations of
the same U(1) as where the magnetic charge lies7.
Secondly, the index theorem (46) is consistent
with thinking of a general monopole with charge
nm as a multimonopole configuration consisting
of nma fundamental monopoles of type a.
Note that for magnetic monopoles with charge
vector g = 4πkβ(a)∗ i.e., consisting of k funda-
mental monopoles of the same type, the dimen-
sion of moduli space is 4k. Thus we deduce that
these solutions can all be obtained by embedding
SU(2) monopoles of charge k, using the embed-
ding based on the same simple root.
Let us now return to the BPS states predicted
by S-duality. We need to study the semiclas-
sical quantisation for a given magnetic charge
nm. Just as in the SU(2) case the bosonic zero
and fermionic zero modes are paired by the un-
broken supersymmetry and a low-energy ansatz
again leads to the N=4 supersymmetric quantum
mechanics (32) on the moduli space of solutions
Mnm . First consider monopoles with n
m = (k, 0)
or nm = (0, k) i.e., k fundamental monopoles
of the same type. The moduli space of these
monopoles is the SU(2) moduli space Mk. The
dyonic states with charges (k(1, 0), l(1, 0)) and
(k(0, 1), l(0, 1)) predicted by duality are equiva-
lent to the harmonic forms on Mk required by
S-duality in the SU(2) theory. The results of
[2,22] thus constitute tests of duality for higher
7One can check that the embedded SU(2) solutions are
invariant under gauge transformations of the other U(1)’s.
rank gauge groups.
The new predictions for SU(3) monopoles arise
in the sectors with both magnetic quantum num-
bers non-zero. In particular, the (k(1, 1), l(1, 1))
dyon states should arise as bound states of k (1, 0)
and k (0, 1) monopoles. Note from the BPS mass
formula that these states are only neutrally stable
and consequently they should emerge as bound
states at threshold. At present only for k = 1
have these states been shown to exist. Let us
make some comments on this case.
It was shown in [30–32] that the moduli space
for nm = (1, 1) is given by
M(1,1) = R
3 ×
R×MTN
Z
(50)
where MTN is four-dimensional Taub-NUT
space. The R3 factor corresponds to the centre
of mass of the (1, 0) and (0, 1) monopole configu-
ration. Taub-NUT space is a hyper-Ka¨hler man-
ifold as required for the quantum mechanics (32)
to have N=4 supersymmetry. Taub-NUT space
has U(2) isometry, of which a SU(2)L subgroup
corresponds to the action of rotating the multi-
monopole configuration in space. That this is
SU(2) and not SO(3) can be demonstrated by
studying the zero modes about the spherically
symmetric (1, 1) solution that can be obtained
via the SU(2) embedding using the root γ [30].
Note that the fixed point set of the SU(2)L action
is a single point in Taub-NUT space (the “nut”)
and this corresponds to the spherically symmet-
ric solutions. The extra U(1)R isometry in U(2)
combined with the factor R in (50) and the iden-
tification under the integers Z lead to dyon states
with electric charge ne. One might have expected
an S1 factor rather than R for the total electric
charge in the (1, 1) direction (i.e., parallel to the
magnetic charge), but this is not quite correct due
to the fact that in general the masses of the two
fundamental monopoles (1, 0) and (0, 1) are not
equal.
The basis of 16 forms onR3×R leads to a BPS
supermultiplet of 16 states in the N=4 supersym-
metric quantum mechanics. In order to get the
dyon BPS states predicted by duality (45) with
magnetic charge (1, 1) there must exist a unique
normalizable harmonic (anti)-self-dual two-form
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on Taub-NUT space that is invariant under the
U(1)R isometry to ensure that the electric charge
is l(1, 1). Such a harmonic form exists [30,31].
6. SOME OPEN PROBLEMS
As we have discussed a number of highly non-
trivial checks of exact S-duality can be carried
out by studying the geometry of monopole moduli
spaces. Let us conclude by discussing some open
issues.
In the N=4 theory with maximal symmetry
breaking the BPS states predicted by duality cor-
respond to normalisable harmonic forms on BPS
monopole moduli spaces. For gauge group SU(2)
the work of [22] provided substantial evidence for
the appropriate harmonic forms. It would be de-
sirable to have a similar analysis for higher rank
gauge groups. For SU(3) → U(1)2 we have seen
that the duality predictions for monopoles with
k fundamental monopoles of the same type, i.e.,
nm = k(1, 0) or k(0, 1) reduce to those of the
SU(2) case. The new SU(3) predictions with
nm = (1, 1) correspond to a harmonic form on
Taub-NUT space. It remains to be shown that
the BPS states with nm = k(1, 1) exist for k 6= 1
and that the BPS states in (45) are the only
ones in the spectrum. The SU(2) and SU(3)
results can be embedded in higher rank gauge
groups. This can be illustrated by considering
G = SU(4)→ U(1)3. In this case S-duality pre-
dicts BPS states with nm = k(1, 0, 0), k(0, 1, 0),
k(0, 0, 1), which are equivalent to the SU(2) pre-
dictions, k(1, 1, 0), k(0, 1, 1) which are equivalent
to the SU(3) predictions, and k(1, 1, 1) which
are the new SU(4) predictions. Apart from the
cases we have discussed there is only one more
class of moduli spaces that are explicitly known:
when there are no more than a single fundamen-
tal monopole of each type (e.g, (1, 1, 1) for the
SU(4) example) [33–35]. It is a natural gener-
alisation of Taub-NUT space and the harmonic
form predicted by duality has been shown to ex-
ist [36]. The major obstacle in verifying more of
the S-duality predictions is our lack of knowledge
about the monopole moduli spaces.
New issues arise in the N=4 case when a non-
abelian gauge group remains unbroken. In this
case the existence of massless W -bosons might
seem to require dual massless monopoles which
cannot be studied as conventional semi-classical
solitons. There are also massive monopoles that
can be studied. If they carry non-abelian mag-
netic charge there are subtleties to do with the
moduli space approximation due to the non-
normalisablility of zero modes corresponding to
global gauge rotations (see e.g., [37,38]). The
moduli spaces of monopoles that have net abelian
magnetic charge can in some cases be determined
as limits of moduli spaces in which the symme-
try is maximally broken. Curiously, it is claimed
that the harmonic forms found by [36] become
non-normalisable in this limit [38].
In this paper we have only discussed N=4 the-
ories. Special theories with N=2 supersymmetry
and vanishing β-function are also candidates for
exhibiting exact duality. For gauge group SU(2)
with Nf=4 hypermultiplets in the fundamental
representation, it is conjectured that the duality
group is the semi-direct product of SL(2,Z) with
the global flavour symmetry group Spin(8) [39].
SL(2,Z) mod 2 is isomorphic to S3 the permu-
tation group of three objects, which is also the
group of outer automorphisms of Spin(8) which
acts on the v, s, c, conjugacy classes. This duality
predicts an orbit of vector multiplets at threshold
with charges (nm, ne) = 2(k, l) and an orbit of
hypermultiplets with charges ±(k, l). In this the-
ory there are half as many fermionic zero modes
coming from the vector multiplet as in the N=4
theory and the net result is that one should study
an N=2 supersymmetric quantum mechanics on
the moduli space of SU(2) monopoles Mk. As
a consequence, the states are spinors on Mk not
forms. In addition there are fermionic zero modes
coming from the hypermultiplets that give rise to
a natural O(k) bundle on Mk [40]. The BPS
states predicted by duality correspond to certain
harmonic spinors coupled to this bundle. For
monopole charge k = 2 these were found using
index theory [41,42]. Perhaps an analysis similar
to [22] is possible for higher monopole charge. See
also [17] for a different approach.
For higher rank theories with N=2 supersym-
metry and vanishing β-function less is known
about exact duality. A straightforward attempt
12
to find the duality group acting on the lattice of
electric and magnetic charges was attempted in
[43] for G = SU(3) (see also [44]) but the results
were inconclusive.
All of these tests we have been discussing con-
cern the spectrum of BPS states. If the exact du-
ality conjectures are true then they should also
apply to non-BPS states, for example the scat-
tering of BPS states. Since such process are not
protected by supersymmetry it remains a chal-
lenging problem to find evidence for S-duality in
this sector.
More generally we would like to know the un-
derlying reasons for duality in field theory. String
theory duality would seem to provide one answer
since we can embed these gauge theories in var-
ious string theory settings. Of course this still
leaves the more involved issue of elucidating the
deeper principles that underly string theory du-
ality.
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